During the last few years several papers concerned with the foundations of the theory of quadratic forms over arbitrary rings with involution have appeared. It is not necessary to give detailed references, in particular one thinks of the well known work of Bak [l], Bass [3], Karoubi, Knebusch [ll, 121, Ranicki, Vaserstein, and C. T. C. Wall. During the same period a number of problems quite similar to those occuring in the theory of quadratic forms were discussed, which, however, did not fit in the formalism developed so far. For example, one thinks of problems like the classification of pairs of forms, of sesquilinear forms, isometries , quadratic spaces with systems of subspaces, and also of quadratic forms over schemes, see e.g. [12, 13, 20, 22, 231. This situation called for a more general foundation of the theory of quadratic and hermitian forms.
reduced to the subcategory of semisimple objects, and here one can use the Krull-Schmidt theorem.
This work was begun in cooperation with R. Scharlau. We are indebted to him for useful discussions and remarks. Also, his paper [22] suggested many of the problems discussed in this paper.
DEFINITIONS
We consider the following situation: A! is an additive category and *: 4 -+ J# is a duality functor, i.e. an additive contravariant functor with a natural isomorphism (i,,,)MEd : id + ** such that i$,iM* = idM* for all ME .&'. We call the objects of 42 modules and we identify each module M with M** and each morphism f with f **.
The category H(A) of sesquilinear modules over JZ is defined as follows: The objects are pairs (M, h) with ME A, and h: M + M* a morphism. We call h a form on M. If h is an isomorphism we call (M, h) nonsingular. The morphisms in H(d) are defined in the obvious way; isomorphisms in H(d) are called isometries.
For E = &l, a form h is called c-hermitian if h = Eh*; it is called even &ermitian if h = g + eg* for some g. We denote by Hf(~) the full subcategory of hermitian modules (M, h) with h nonsingular l -hermitian. H+c(&) is the full subcategory of nonsingular even <-hermitian modules.
For modules M and M' we identify (M @ M')* with M* @ M'*, and we define the orthogonal sum in the obvious way.
If 2 is not a unit in End(M), it is well known that for many questions it is more natural to consider quadratic forms (in the sense of Bak) instead of hermitian forms.
A form parameter (E, (1) in 4 is the assignment of a subgroup fl, of Hom(M, M*) to every module M such that For a form h on (M, f) E Aut(.M), the automorphismf is an isometry of (M, h) and one obtains an equivalence
Hf(Aut(&)) E Aut(H$&)).
However, in general, Aut(p*(.M)) cannot be interpreted as a category of quadratic forms in Aut(.M).
1.1. EXAMPLE. The most important example is the following one: Let A be a ring with involution s and a form parameter (E, II) in the sense of Bak [l] , l = f 1. On the category B(A) of finitely generated projective right A-modules there is the duality functor P * := Hom,(P, A), where P* is a right-module via (fa)(x) = df (x) for f E P*, a E A, x E P. A form h corresponds to the usual sesquilinear form (x, y) + h(x)(y). A f orm parameter /l' on B(A) is defined by (1; = {h E Hom(P, P*) 1 h = --6h*, h(x, x) E A}.
With these definitions we have translated Bak's definition of quadratic forms into our categorical framework: Quadratic forms in Bak's sense correspond canonically to ours, etc. From now on, we shall omit E, /l whereever possible. ( 1 1.3 LEMMA. Iff = C i) is an isometry of H(M) and a E End(M) is inwrtible, then w-1 E A, , u-lb E A,, and f = X-(cu-l) HI(u) X+(u-lb). 1
For M = Ml @ *a* @ M, and a E Hom(M, , Mi) let ueij be the endomorphism of M, whose matrix has a in the (i, j)-th position and 0 elsewhere. Let E(M, ,..., M,) denote the subgroup of Aut(M) generated by all elements 1 + ueU , i # j. The elements of this subgroup are called elementury uutomorphisms. Since elementary automorphisms vanish in K,(d), the hyperbolic elementary isometries, i.e. the elements of W(E(M, ,..., M,)), vanish in KQ,(d). According to Kelly [9] there exists exactly one ideal J in an additive category & such that J(M, M) = rad End(M) is the Jacobson radical for all ME A. We call J the radical of &?. (See also Roberts [21] .) The radical J is invariant.
We shall now formulate and prove a reduction theorem of G. E. Wall [26] , C. T. C. Wall [25] , and Bak in the situation of an additive category &Z with duality * and form parameter (E, II). Let I be an invariant ideal contained in the radical J. Consider . ..&/I with the induced duality and form parameter. Let e, = 1. We construct inductively a sequence e, , e2 ,... of units in E such that ensa'e, = a (mod & + I"), e,,, = e,, (modI").
QUEBBEMANN, SCHARLAU, AND SCHULTE
We assume that we have found e, , and hence d = a + s + r for d = e,Oa'e, with s E A, and r E I". Let t = (d + do)-% and en+, := e,(l -t).
Then t E I", e,,, = n e (mod In) and using dt + d% = r and todt E Infl we get &+la'e,+l
Since E is I-adically complete, e = lim e,, exists and eOa'e = a (mod A,), e E 1 (modI). g = fe satisfies the required conditions:
Under the assumptions of 2.2 (2) the reduction functor -: A + AlI induces a bijection between the isomorphism classes of objects in Q(A) and Q(.M/I). In particular, there are canonical isortwrphisms Furthermore CC KQ&k') -+ KQl(A/I) is an epimorphism, and Z: WQ1(A) + WQ#Z/I) is an isomorphism.
Proof. It remains to show the injectivity for the WQ,-groups. Because KG4 -+ GW> is surjective, every element KE ker(%) can be lifted to an element x E ker(a). Hence % can be represented by (W(M), f) with
Therefore a is invertible, and by 1.3 the isometry f is a product of elementary and hyperbolic isometries. 1
For explicit computations (as in the proof of 2.2) it is often convenient to pass from the abstract category to the endomorphism ring End(M) of some object. This is the principIe of transfer. 
PROPOSITION (Transfer).
The functot
is fully faithful and strictly duality preserving with respect to (ddm~ I+ F* -+ *F, Mf > = WGlf *I.
If all idempotents in & IN split, then F is an equivalence. Hence
is an equivalence.
Proof. By computation.
1
For applications of the principle of transfer, it is crucial to Know, which selfdual objects N admit a nonsingular l -hermitian form. (2) Assume (N, ho) E HCo(l) and 2 is invertible in E. If there exists an (N. h) E H+o(&), then the involution on D induced from ho is non-trivial. If E is J-adically complete, the converse is true also.
Proof. (1) Let g: N + N* be an isomorphism. If E is local and 2 a unit it follows from 2g = (g + g*) + (g -g*) that one of the summa& is an isomorphism. If E is a skew-field, then g = g* or g -g* is an isomorphism.
(2) The existence of an isomorphism h: N + N* with h = -q,h* is ecprivalent with the existence of an unit e E E such that e = -4, where O is the involution induced by h, . If E is J-adically complete one can lift such an e from a d = -de # 0 in D using 2.2. 1
THE KRULL-SCHMIDT THEOREM
We assume in this section that the additive category .44 satisfies the following conditions: In particular, the decomposition in 3.2 is unique up to isometry.
(2) If N is indecomposable and selfdual, then there exists a bijection between the isomorphism classes of objects in the categories p*(A IN) and po*'(E/ J) for E = End(N), J = rad E, und E' = f 1, A' suitable chosen. 3.4 APPLICATIONS. Using splitting into isotypic components and reduction modulo the radical the classification problem of quadratic modules is reduced to the classification problem over skew fields. Therefore we get e.g. the following statements:
(1) The Witt cancellation theorem is true in Q(A) (because the cancellation theorem holds over skew fields [4] ). In fact, the cancellation theorem follows by 2.4 using the cancellation theorem of Reiter [19] without the completeness assumption (iii). We prove now a result giving a decomposition of isometries into isotypic components. (1) Ewery I(a)-space i<of theform F,( V)for a suitable I-space V. is an epimorphism. Using this information and the results of Section 3, the classification problem will be reduced to skew fields. We continue to assume char(k) # 2.
The category of I-spaces is closely related to the category End(V) which we shall discuss first. The objects are pairs (V, f), f E End,(V), where morphisms and duality are defined in the obvious way. Z+(End(V")) is the category of Esymmetric bilinear spaces with a selfadjoint endomorphism. End(V) is equivalent to the category of finitely generated k[X]-torsion modules. Hence a complete system of indecomposables is given by k[Xj/( p") p manic irreducible polynomial. It is well known that an indecomposable space of defect 0 is isomorphic to some space from E(End(V)) or to a space obtained from some U, by permuting the subspaces ( [8] , [7] 
, [S]).
Assume now the the involution * leaves all four points of I fixed. Then the U, are not selfdual, and E is duality preserving with the natural isomorphism between E( I'*, f *) and E(V,f)* = (V* @ V*; 0 @ V*, V* @ 0, graph(-id), graph$(--f*)).
+ is skew-symmetric, i.e. +(vr,f*) = -+~y,fj . Therefore E defines an embedding *(End(V)) -+ H-l(I, 1). The last case where the involution switches two points and leaves two points fixed is slightly more complicated. E defines a duality preserving embedding of Aut(9'J (with duality (V, f) I+ (V*, f *-l)) in Y(I). The classifkation of hermitian modules is then obtained from the classification of r-symmetric bilinear spaces with isometry. (See Milnor [13] ). We refer to [24] for more details. Proof. The easy proof of (1) and (2) 5.7 EXAMPLE. Let A be a ring with involution. The last result applies in particular to the subcategory P(A) of all finitely generated projective modules in the abelian category of all modules. More generally, one could consider for a scheme X the subcategory of all locally free Ormodules in the category of all quasi-coherent sheaves. (See Knebusch [12] .).
THE JORDAN-HOLDER THEOREM
In this section .& will be an abelian category with a duality functor *. It is easy to see that * is an exact functor. First we establish hermitian versions of the isomorphism theorems and the Zassenhaus lemma, and then prove a hermitian Jordan-Hiilder theorem. (AZ, h) will always be an object of P(A). Since k is an epimorphism and k* a monomorphism, we have liN, = j*hNL j, and hence the canonical isomorphism j is an isometry. Any two hermitian J?&trations of (M, h) E He(&) admit hermitian equivalent rejinements. 1
Using the Jordan-Holder theorem 6.6 one can compute the Grothendieck groups by "devissage".
The following considerations are modelled on Bass [2, Chap. VIII, Sect. 31. We make the following assumptions: We assume now that all modules in & are of Jinite length. Let A,-, be the subcategory of semisimple objects. &c, satisfies our assumptions. One has to distinguish the cases -Ni g Nj* and the hyperbolic case Nj $ N,*, and as in Section 3 the reduction to the skew-fields Dj is obvious.
From Lemma 6.11 we can also conclude the following final result concerned with an individual c-hermitian module rather than the Grothendieck group.
6.12 THEOREM. Assume that all modules in L&? are of Jinite length. Then every (possible singular) l -hermitian module (M, h) contains a maximal totally isotropic
